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Abstract

The theory of relativity is strictly logical and primarily mathematical. It
cannot be explained meaningfully with words alone. A minimum understanding
of the subject requires an awareness of the real number line, and knowing what
functions are, and being able to manipulate algebraic expressions and equations
with reasonable care and alacrity.

The author posits that physics comprehension is optimized when indispensable
facts are presented in the most illuminating, common sense manner possible, and
that special relativity is best taught by not invoking the existence or fabrication of
a universal everywhere present “now.” Avoiding senseless ambiguities is rational.
Ambiguity is deleterious. Indisputably clear foundations are desirable. The goal
of this paper is to reveal the inner workings of special relativity by emphasizing
the even, perfectly uniform, homogeneous structure of time.

1 Introduction

Physics is the mathematical study of all conceivable universes. A universe is a mathe-
matical model that describes spacetime, matter, energy and their interactions. Think
of each model universe as filling one page in the atlas of all possible universes. “Philos-
ophy is written in this grand book, the universe, ... But the book cannot be understood
unless one first learns to comprehend the language and read the characters in which it
is written. It is written in the language of mathematics.” - Galileo Galilei.

Two universes are said to be isomorphic if every observable fact about one universe
is also true in the other. In two seemingly distinct mathematical models, the equations
describing each universe might be vastly dissimilar, but if the math leads to identical
predictions, then the two universes are essentially the same (isomorphic).

Consider this example. In one universe, a celebrated physicist constructs what he
calls a theory of relativity. The theory is based on empirical observations yet a few skep-
tics don’t see the need for his implausible sounding rhetoric. The theory says trains
get smaller and smaller as they move away from train stations. Observers at train



stations do in fact see distant train tracks getting narrower and narrower to accommo-
date the shrinking of distant trains. But everything is relative. Passengers on moving
trains can think of themselves as stationary. They see receding train stations getting
smaller and smaller and the train tracks to them getting narrower also. Approaching
train stations get bigger and bigger. Consistent mathematics can support this and all
observations will confirm each and every one of the predictions. Not surprisingly, there
is a parallel universe where different definitions are used and a different philosophy is
believed. In that parallel universe, it is agreed that the lengths of objects can only be
defined by co-moving measuring rods. There, it is axiomatic that only local, co-moving
measurements of length express the actual truth about an objective reality.

In Einstein’s model of the theory of relativity, moving clocks run slow and moving
objects shrink in the direction of motion. Lucky for you, I'm not going to have you learn
an outdated and tortured way of reasoning. I will not be repeating Einstein’s rhetoric
about shrinking trains. It suffices to construct a universe where lopsided chimeras
are ignored and carefully rephrase and explain relativity with absolute concepts yet
maintain all the factual, empirical aspects of the theory.

By explicit construction of moving clocks in our new universe, it will be obvious
that moving clocks tick at the same rate as stationary clocks. There is also a real
desynchrony effect. If you don’t believe in modern physics, I advise that you try to
follow the reasoning of this paper line by line. That’s the way our universe really works.

The Lorentz transformation has always been perceived as a rule for translating
the perspective of one observer’s sense of space and time to the perspective of other
observers in relative motion. Forget about your faith in Hendrick A. Lorentz and Albert
Einstein. It’s time to learn a conceptually simpler interpretation.

2 The Definition of Time

Little children know intuitively that a tiny arrow that moves steadily along a continuum
of numbers is a clock. This kindergarten definition of time is easy to generalize and
inspires us to derive special relativity with moving rulers. The astonishing connection
between space and time is now easy to understand. Here’s the idea:

Imagine that you live in a universe =, that only allows two possible states of motion,
I' and I". What could be simpler? Imagine that your universe only has one spatial
dimension and that you're a tiny observer permanently assigned to the point x in frame
I'. Also imagine that there are other infinitesimal observers stationed at every other
point in both frames of reference.

"-_9-8 -7 6 -5-4-3-2-10
'—_-9 8 -7 6 -5-4-3 -2 -10

1 2 3 45 6 789
1 2 3 45 6 789

I'm not trying to be tediously pedantic. As you can see from the diagram, I'm
asking you to conceive of two pristine, frictionless rulers I' and [” and to imagine one of
them sliding on the other at a constant velocity. I haven’t as yet defined what constant
velocity means but that’s ok. We’ll define that soon enough. For now, just rely on your
own best guess or a popularized, naive misunderstanding of mathematical physics.



According to the diagram, the two rulers (or lines) are in relative motion. If the
line I is sliding in I" ’s positive direction, then an observer on I" is, in effect, flying
over the numbers of I" and he will see those numbers going from negative to positive.
An observer on I' however will see the numbers of line IV flying in a reverse order, from
positive to negative.

Here’s the clincher. Every observer is attached to a number. Think of every number
as wearing a hat ( ¢ ) that points to a steadily moving continuum of numbers. So every
observer/point has been assigned a clock.

I know what you’re thinking. These clocks aren’t properly synchronized. That’s not
a problem. Each clock in our infinite array of clocks exists conceptually and we are free
to reset each clock separately by adding or subtracting a fixed amount to the stated
time. We can do that later. Let’s first understand and review this simple definition of
experiential time and then discuss the basic mathematics of resetting clocks.

In our universe, the moving line IV provides a continuous stream of numbers 2’ that
are steadily flowing past you. It’s obvious that the flow of the 2’ s is so constant that
you can set your watch by them. The time T at position x (when z’ flies by and is
directly overhead) is a function of x and z’. This is essential. T is the time at z when
x’ touches z. Let’s write this as T' = T'(z, 2’).

It’s easy to determine the time 7'(x, ') that a particular 2’ will pass by your position
at x. Because motion is assumed to be constant, we then know that there exists a
constant p such that the arrival time of any «’ is given by the formula 7' = —a'/u+£(x).
The function £(x) is arbitrary. You may select the synchronization £(x) to be anything
you like. Synchronization is a matter of personal choice. It is not a law of physics.

The main property of constant velocity is that equal distances are covered in equal
times. That explains the linearity in the term z’. The arbitrariness of the function £(z)
means that you may set your clock at  to whatever time you desire.

To make life easy, let £(x) = 0. The only thing we have to do is find the right clock
rate constant p to ensure that our array of mathematical clocks will be ticking at the
same rate as a real clock. The number p is also called the “proper velocity” of the line
IV with respect to I'.

The theory of relativity is all about defining time consistently for all observers in
all possible states of motion. It’s easy to define clock time on the moving line IV. By
symmetry, and by invoking our axiom that moving clocks tick at the same rate as
stationary clocks, T' = —a'/u + £(z) is the Shubertian clock time at the point x of '
and T" = x/p + ((2’) is the Shubertian clock time at the point " of V.

When using these equations, it is important to remember that time is only defined
locally. Permit me to emphasize this perspective. Let 2/ = 0. Then T' = £(z). This
equation means that the stationary point 2 = 0 in the frame I must be moving in the
frame I' and will be arriving at the point x precisely when the local clock at x reads
time 7" = &(z). Likewise, if we were to consider the motion of the fixed point x = 0,
then this translates to the equation 7" = ((z’). This equation describes motion in I".
There is no cosmic everywhere present “now.” Time is a function of position, not the
other way around.

That pretty much summarizes all the physical machinery that we need to derive the
equations of special relativity. The rest is just high school algebra.



3 The Mathematics of Resetting Clocks

It’s time for physical mathematics. As explained, " = —2'/u and T = z/u are
perfectly good definitions of clock times for I' and I respectively. We are also free to
reset these clocks everywhere point by point. For an illustration of this power, let’s
do that for I" and I". Let &(z) = z/u and ((2') = —2'/p. So our new clock time
T = —-2/p+z/p = (x—2a)/pfor T''and T" = z/p — 2'/p = (x — 2')/p for TV.
Consequently, ' = x — T and 7" = T and we’ve proven a delightful little theorem:
Any two inertial frames of reference have a Galilean synchronization.

To continue with the powerful magic, and as a prelude to the still upcoming deriva-
tion of relativity theory, I will now demonstrate how to reset a Shubertian clock so that
a Galilean synchronization transforms into an Einsteinian synchronization.

Let 1/c be a real number and select the synchronization functions £ and ¢ to be

§(x):—‘Hju'U2/CQx and ((z') ——‘H;ﬁz/czx'. (1)

\/1—1-,u2/c2x @)
0

Therefore T = —z' /. +

1 2 2
and T = o/ — vitwefe 3)
7!

Notice that equations (2) and (3) possess the symmetry that we can get from one
equation to the other by interchanging 7" and 71", x and 2’ if we also change the sign of

uto —p.
Solving equation (2) for z’ gives us

¥ =+/1+p2/c2x—uT (4)

Inserting equation (4) into equation (3) and simplifying the results gives us
T
T’:\/l—i-M/cQT—C—2 (5)

Not surprisingly, we can solve equations (4) and (5) for  and 7" in terms of 2’ and
T’ by using the symmetry property mentioned previously: interchange T and T”, x and
2', and u with —u. Therefore:

r=/1+p?/c® &'+ uT’ (6)
/
T =1+ p2/c T’+/“LC—:§ (7)

Equations (4) and (5) are the Lorentz transformation equations. To see them in
their more traditional form, define a new parameter v by the equation

P (8)
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and notice that

\/1+u2/62:\/ﬁ. ()

A straightforward and elementary substitution gives us the final form:

' =~(x —vT) (10)
T =T —vz/c?) (11)
1

V1—02/c

It is customary to call the parameter v in equations (10) to (12) just the ordinary
velocity.

I am not claiming to have derived the Lorentz transformation at this point. However,
we have proven a theorem. For any two inertial frames of reference, in either a Galilean
or Einsteinian universe, clocks can be reset thereby modifying the usual transformation
equations into a new Lorentzian transformation featuring an arbitrary constant c.

Now that you are so thoroughly well prepared, it is time to consider the physical
meaning of the two derivations that follow and to understand why the synchronization
that we’ve chosen is so distinguished.

where v = v(v) =

4 Derivation

We have demonstrated that any two frames of reference have a Galilean synchronization:

=z —ul (13)
T =T (14)

We also learned how to reset an infinite number of clocks. We’ll do that again in
a general way and arrive at a useful mathematical lemma: The most general linear
(resynchronization) transformation that is physically admissible, which determines '
and t' in terms of z and ¢, only depends on two unknown functions. Specifically,

o' = f(v)(x —vt) (15)

¢ =90t + 2 (s -0 (16)

Suppose, as is generally assumed, that there is group of linear transformations ex-
pressing how the place and time of an event (z,t) in one inertial frame of reference has
coordinates (z’,t') in another frame. From the simple form of equations (15) and (16),
it is then possible to apply the constraints of consistency and symmetry and solve for
the functions f and g¢.

The math of this problem is handled very elegantly with matrices. If you don’t know
what matrices are, or are unfamiliar with the fundamental properties of 2x2 matrices,
don’t be disappointed. You can skip this section entirely. There is a better derivation



in the next section anyway, and I think it’s far more insightful. Nevertheless, if you
want to take in the content of this section and see how the Shubertian clock concept
improves the traditional approach, just keep reading. It’s enjoyable to know how to
derive the Lorentz transformation from the Galilean transformation.

Secrets Revealed

As explained up to now in great detail, we may think of the two rulers as coordinate
systems. These systems possess a natural pointwise definition of clock time. Our aim
now is to reset these clocks and obtain the most general linear transformation from the
Galilean synchronization ' =z — pT and T =T.

Let a(p) be an unspecified function of the proper velocity p and introduce a new
time variable ¢ = T — a(u)x for the unprimed system I'. With this resynchronization,
the new clock time at point x is only offset by a constant amount—the difference only
depends on its fixed position = and the constant p. Substitute this 7' =t 4+ a(u)z into
the equation ' = x — pT and then note the general form of the new expression for z’.

The computations are as follows:

¥ =x—puT (17)
=z — pu(t + a(p)) (18)
=z(1 — pa(p) — pt (19)
"= (1 - pa x_,u—t

02/ = (1= patu) (=~ =t (20)

Therefore, the new expression for 2’ is in the form ' = f(v)(x — vt).

Here’s the algebra:

L
Letv=—"— 21
1 — pa(p) 1)
If we solve for p in terms of v, we’ll have some function, let’s say, = A(v).
A
Thus 2’ = H(a: —ut) = ﬂ(az: —ot) = f(v)(x — vt) (22)
v v

We now reset the clocks in I".

o' =x—pl" =2 — p(t' + B(p)’) (23)
o' =1 — pt' — pB(p)a’ (24)
o' (1+pB(p) =« — pt' (25)
Let H(p) =1+ pB(p) (26)
Then o' H(p) = x — pt’ (27)
Solving for ¢’ yields

¢ =2 L) (28)
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Recall that 2’ = —(z — vt) (29)

Insert this 2 into the preceding equation and get

Vo= tH(u) + G = @) (30)
but z1 = A(v) so
V= LH(AW)) + 2 ( AZU) A %“’”) (31)
Let H(A(v)) = g(v) and recall that A(v) = vf(v) (32)
Therefore ' = g(v)t + % (ﬁ . g(v)) (33)

If we summarize our results thus far as a matrix equation, we have:

(5) =20 (7) where 1) = ( (f(lvj)t(ﬁ)g(UD _;é(>v)> (34

Note: detL(v) = f(v)g(v) + f(v) (f(lv) —g(v)) =1 (35)

9(v) vf(v)
(75— o) f(v))

Now let the matrix of the inverse transformation L= (v) be L(—v). This is the same
as saying that the formulas for an event in both systems will look exactly alike if we
exchange the primed and unprimed coordinates and replace v with —v.

(f)I = L(v) (f) and (‘:) = L(—v) (f>, so LY (v) = L(—v) (37)

(36)

The inverse L™ *(v) is therefore: (

S =

Consequently:
9(v) vf(v) f(=v) vf(=v)

(—% (5 — o)) f(v)> - (%, (7 — o)) g(—v>) (3)
L1y (v) = Liz(—v) implies f(v) = f(~v) (39)

L (v) = Li1(—v) and the previous identity implies f(v) = g(v) (40)

f(v) —vf(v)
Thus L(v) = (% (ﬁ —f(v)) F(v) ) (41)
Let’s write this as L(v) = f(v) (—kl(v) _1U) where k(v) = % (42)
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Consistency requires that when we multiply two matrices of this form, then the
product matrix will be of the same form, i.e.,

L(v)L(w) = L(v & w) (43)
The physics is as follows:

() =s0 (L D)6 e (3) =r (L ) () a0
e () 0y D)l D)) 0
s (1) = sve (Lo 5 (6) (40

= 7010 (_ gy Ty 14 ki) (2) 0

This equation is easy to solve. You'll notice that the general transformation has
identical elements on the main diagonal. Therefore 1 + vk(w) = 1 + wk(v).
Rearranging terms shows that

Ay AW (48)

It follows that these functions must be a constant k since v and w are independent. We
conclude that

—1 — 1{}]‘2(1)) and f(v) = Ny i —

Hence (f) = ﬁ (_iv _1“) (f) (50)

The spacetime structure constant k£ cannot be negative. We’ll see why in the next
section. Also, the meaning of k is easy to interpret: 1/ Vk is the maximum possible
speed. So the value of k can be determined experimentally. It’s obviously equal to 1/c?.
Therefore, we have truly arrived at the Lorentz transformation equations:

k(v) = kv = (49)

o' = y(v)(x — vt) (51)
' = (0)(t — va/) (52)



5 A Better Derivation

Symmetry groups are undeniably basic but why must spacetime have a group structure?
The answer to this question is delightfully simple. The Poincaré group follows from the
homogeneity of time. (I think of Newton’s first law of motion as being too restrictive
as a postulate but I'm forced to use it. A form of it will have to do for now.)

What is meant by the homogeneity of time? Intuitively, time is homogeneous if time
possesses an indistinguishable sameness everywhere, point by point, across all inertial
frames of reference. This is the clearest path to deriving relativity: Translate the
axiom of time homogeneity into a mathematical equation. There are many different
mathematical solutions. Begin with the simplest model universe first. Define time
with motion in a simple and consistent manner so that everyone’s definition of time
is remarkably similar to everyone else’s definition. How does a consistent definition of
time guarantee the existence of some underlying group structure? I am only prepared
to explain that for the most elementary spacetimes known.

I will now derive special relativity without postulating the existence of any group
structure. My axioms are intuitive. Time is to be defined with motion and all time
computations can be performed with homogeneous functions. Recall the Shubertian
clock.

Consider a universe =3 featuring three possible states of motion, S;, Sy, and Sj:

I's 9 8 -7 6 -5 -4 -3 -2 -1012 3 45 6 7389
Ir .-~ -9 8 -7 6 -5 -4 -3 -2 -1012 3 45 6789
I'1 -9 -8 -7 6 -5 -4 -3 -2 -1 01 2 3 45 6 7 8 9

Some preliminaries: Instead of distinguishing between our three frames of reference
using space and time variables with a prime, double prime or no prime at all, I prefer
changing the notation a bit. I will use an index 7 so that ¢; is the time that z; and x;
coincide according to the time on the clock positioned at x; in the inertial frame I'; in
state of motion \S;. From the point of view of an observer in frame I';, the frame I'; has
a relative proper velocity of ji;;. From our study of = in section 2 we reason that

ti=—xj/pij + Mpg)ve i F T g = i (53)

Because we've added a third inertial frame of reference, each observer now has two
different frames to select from in order to define time. We will require that every
choice is inconsequential; the formula that defines time must give a consistent answer
irrespective of the frame selected. This constraint determines the function A(u;;).

Our mathematically overdetermined system generates the following constraints:

ty = —xa/ 12 + AN(pi2)rr = —x3/ s + M)z (54)
ty = —w3/ o3 + AN(pas)xe = —x1/ o1 + M p21) 22 (55)
ts = —x1 /31 + ANps1)xs = —x2/pg2 + A(ps2) T3 (56)

Solving these three equations for x3 in terms of x; and z, yields

r3 = r13(A(ps) — AM(paz)) + v2ps/ pe (57)
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T3 = T1fl23/ o1 + Taptaz(A(pag) — A(pa1)) (58)
x3 = 1/ (31 (A(pa1) — AMpa2))) + z2/ (a2 (AMps2) — A(par))) — (59)

Only two of the variables x1, x5 and 3 are independent. Any two determine the
third because all the proper velocities p;; have been specified. All the coefficients of z;
in equations (57) to (59) are therefore equal. Similarly for z,.

For time to be well-defined therefore in every =3 universe means that the following
functional equations must be true:

p13(A(pas) — AMpnz)) = pas/por = 1/ (a1 (A(paz1) — A(psz))) (60)
p23(A(p23) — A1) = pas/pe = 1/ (a2 (A(pas2) — A(psr))) (61)

If we were to solve equations (54) to (56), this time for =5 in terms of z; and x3 and
then equate coefficients, we would find that

pi2(A(pa2) — AMpas)) = psa/psr = 1/ (prar (A(pa21) — A(p2s))) (62)
p3a(A(ps2) — AMps1)) = paa/ps = 1/ (pa3(A(p23) — Ap21))) (63)

Equation (63) is identical to (61). Equations (60) to (62) contain many redundan-
cies. Also, if we were to solve for x; in terms of x5 and x3 and proceed in the usual way,
we wouldn’t generate any new equations. When all the redundancies are eliminated,
there are only three surviving equations:

H13
A — M- = 64
(M23) ( M12) L1afios ( )
a3
A . = 65
(p12) (p13) L1alins (65)
H12
AM— — A— = 66
(—p13) (—p23) Jia3lins (66)

These equations have a remarkably straightforward solution.! We can guess that A
is an odd function, i.e., A(—p;;) = —A(p;;). Therefore:

Mpzs) + Apna) = - 52 (67)
Mprz) = Alss) = =2 (68)
= Apag) + Mpzs) = - 22 (69)
Subtracting equation (69) from (68) gives us
A(ji12) = Alprzs) = 22— — £ (70)

1213 H23H13

Multiplying equations (67) and (70) together yields:

'Expect a theorem about uniqueness to be published promptly.
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1 1
A2 A2 _ M3 ( Moz M2 ) — _ 71
(122) (h2s) Hi2ft23 \ Hi2fh1s  H23f13 (12)?  (po3)? o

We conclude from the assumed independence of 15 and p9s3 that

N (i) = ﬁ +k (72)

Remembering the supposition that A is an odd function yields

1+ kg
LV Y (73)

AMpig) = 157
j

Taking a second look at our basic equations (64) to (66) shows that we can add a

constant to any solution. Therefore:
1+ kg
+ — (74)

Hig
I wish to write briefly on the physics of this function so let’s revert back to old,
familiar notation. Let’s make the substitution g2 = p, pes = v and 13 = pu @ v.
Equation (64) and (74) suggests the possibility that

V1+kp2 1+ k2

H " v

Is this a sensible formula for adding proper velocities? If u is positive and we add
to it an infinitesimally small positive v, then by continuity, we should expect a positive
resultant velocity near to p. The contradiction to continuity overthrows the possibility
that a minus sign is a physically admissible solution of equation (74).

The likelihood that k£ could be negative also defies rational interpretation. Select
units of spacetime measurement so that k = —1. What, then, are the limits to proper
velocity? The physics of this is intractable. We therefore write equations (74) and (75)

Apij) = €

,uEBV:—;w< (75)

Ap) = e+ —\/1—2}”2/62 (76)
pOv=py1+v2/c+uv\/14 p2/c? (77)

It’s now a simple matter to compare equations (53) and (76) with the elementary
derivation of equations (1) to (12) and arrive at

o (14 ev)x — vt (78)

V1—0v%/c?

(1—ev)t+ (2 —1/*)vx

V1—0v%/c?

t =

(79)

This transformation forms a group.
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Why was it so easy to guess that A may be an odd function? Recall the important
equation t; = —x;/;; + A(pij)x;. Notice that x; = 0 implies z; = t;/A(pi;), and z; =0
implies z; = t;/A(pj;). The reciprocity principle in special relativity asserts that if
2’ =0, then x = vt, and if x = 0, then 2’ = —wvt’. This is equivalent to A being an odd
function, since p;; = —pj;.

6 The Twin Paradox

Knowing how to measure time in a =3 universe makes it very easy to understand the
time desynchrony effect in special relativity. Earlier we said that all observers were
permanently assigned to a point. To demonstrate the desynchrony effect in =3, we will
now lift the prohibition on traveling and allow all daring point observers to jump from
one state of motion to another.

The reason that travelers and point-sized physicists wear wristwatches is to note the
time and do experiments.

As measured by a stationary observer in I's, suppose that I'; is moving in the positive
direction with proper velocity o, and that I's is moving in the negative direction with
proper velocity po3. The points D and E are fixed position coordinates in Iy and I's
respectively.

Fl — 0
Iy | 0 D
[y 0 E
Here is our first experiment: An experimentalist at xo9 = 0 has her wristwatch

synchronized with the local Shubertian clock in I's. When her watch reads zero time,
she will leap onto the moving train® I'y, into seat 0, and ride until the point D in Ty,
at which time she will leap onto train I's, into some seat E, and remain there until she
arrives at her starting point 0 in I';. We will assume that jumping from one inertial
frame to another is an instantaneous process or only takes a negligible amount of time
when compared to the entire trip.

The tick rate of the experimentalist’s watch agrees with the local Shubertian clock
rate in whatever frame it’s in. All Shubertian clocks tick at identical rates. However,
the point of the experiment is to compare the total elapsed time of the watch when it
returns to the clock at zo = 0 in I'y. Amazingly, these two clocks, when finally brought
together, will no longer be synchronized. The mathematics necessary to verify this
requires a repeated use of our fundamental equation: ¢; = —x;/p;; + A(pi;)x;. Recall
that ¢;(x;, z;) is the time at the point z; in the frame I'; when the point z; in I'; meets
x;. Here are the pertinent computations:

tl(ﬂfl = 0, To — D) = —D//l,lz (81)
tg(ﬂ?g = D,.Tl = 0) = )\(MQl)D (82)

2This train is a simple frame or a platform that moves by its own inertia.
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to(xe = D,x3 = FE) = —E/ gz + Apo3) D (83)
t3(x3 = E o9 = D) = —D/puzs + Aus2) E (84)
to(re = 0,23 = E) = —E /o3 (85)
ts(z3 = E, 29 =0) = Aus2)E (86)

The events (xo = D, 27 = 0) and (2o = D, x3 = F) are co-present and simultaneous;
hence equations (82) and (83) are equal. Thus A(ug1)D = —FE/ g+ N(pas) D. We solve
this equation for the unknown E in terms of D. E = Dpa3(N(j23) —A(21)). The spatial
and temporal components of the three major events in this experiment are conveniently
displayed in tabular form:

Spatial Components

Frame | Departure Transfer Arrival
I 0 0
Iy 0 D 0
I's 0 E = Dpas(A(p2s) — Mpa1)) K

Temporal Components

Frame | Departure Transfer Arrival
I, 0 D/pz
Iy 0 A(pt21) D —E/ 193
Iy 0 —D/pz2 + Mps2) E AMpz2) B

The total travel time 7" experienced by the adventurous traveler is the time aboard
train I'y plus the time aboard train I's.

Therefore:

T'= (D/pz = 0) + ()\(M32)E — (=D/paz + /\(M32)E)> (87)
which simplifies to

T" = D/pxn + D/ s (88)

According to the clock that never accelerated out of its inertial frame of reference,
the total elapsed stay-at-home time 7', from the departure of the traveler to her final
return, is —F /3. Therefore T = D()\(,ugl) — )\(,ugg)).

T+ 2/c2
Recall that A(u) =€+ Vit

p (89)

Consequently:
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T:D<V1—;Mgl/62— \/1+M%3/02> (90)

If po1 = p and poz3 = —p, then

2D
T =22 (91)
W
/1 2 /52
T= QDM (92)
W
- L (93)
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